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Abstract. Let £ be a locally convex Hausdorff space and let E be its
topological dual, endowed with the weak* topology o (E’,E). Let S be a
compact space and let us consider the space C (S, E’) of all continuous func-
tions f: 8 — F equipped with the uniform topology. In this paper, we prove
a simple integral representation theorem, by means of weak integrals against
a scalar measure on S, for a class of linear bounded operators T @ C (5’7 E’)
— E'. When £ = % is the Schwartz space on R™ {thus &' is the space of tem-
pered distributions), we prove that bounded operators of this class preserve
the familiar operations of distribution theory, that is, the operations of deriva-
tion and Fourier transform. Also we give an application to weak sequential
convergence in this ciass of operators.
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1. INTRODUCTION

Several extensions of the Riesz integral representation Theorem had been
proved for various bounded operators on function spaces. See references {2}, [3],
[7], for the Banach space setting, and reference [4],/10], in the topological vector
space context. In this work we consider the case of linear bounded operators
T:C(S5,E) — E, where E is the topological dual of a locally convex vector
space £, endowed with the weak” topology o (£, E), and where C (S, E') is
the space of continuous functions f © § — F on the compact space S, equipped
with the uniform topology, {see below for more details). This consideration
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comes, in some respects, from the importance of the space C (S, E'), as it is
a basic space in the study of certain stochastic processes describing dynamics
of infinite particle systems, see e.g [6], [8]. Then, extending the method used
by the author in [7], we show a weak integral representation theorem of the
Riesz type for lincar bounded operators 7' : (S, E'f) - F satisfying some
mild condition. This theorem is simple compared to those obtained elsewhere
with respect to operator valued measures([4],[10]). In the present setting the
representation is realized by an integral against a bounded scalar measure on
S of the following type:

VfeC(SE), YEeE: (T = [ {f(s),6) plds)

where p is a bounded scalar measure which will be attached to the operator
T.

When F = 3 is the Schwartz space of rapidly decreasing functions on R”, then
3’ is the space of tempered distributions, and we prove that bounded operators
of the preceding integral form preserve the familiar operations of distribution
theory, that is, the operations of derivation and Fourier transform.

Finally, we give a simple criterion of weak convergence for a sequence T,, of
representable operators, using their corresponding measures j,.

First let us make precise some notations and facts we shall use in the sequel.
E will be a locally convex Hausdorfl space and E' its topological dual that
i5 the space of continuous functionals on F. We shall denote the elements of
E by f, g, ...,and refer to the functional duality hetween E and E' hy the
symbol:

(1) fell €k, (£,

that is the value of the functional f at the vector €.
It will be given to the space E' the weak" topology o (E', E}, that is the
topology induced by the family of seminorms of the form:

(2) p(f)=p (o1, 22, 20) = Sup [(f, ;)]

1gji<n

where {x, z2,...,z,} is an arbitrary finite system of elements in £.
On the other hand we consider on the space C'(S, E') of continuous functions
a ’ . .
f 8 — E the family of seminorms

(3) fec(s Ey, plf) = ifgg p{f{1)

where p is given by (2).
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Finally the space C' (8} of scalar continunous functions on S will be equipped
with the uniform norm:

{4) Fetd(s), e = f‘ggﬂ |f (t)]

The following proposition is well known. It gives a natural identification
between (E', o (F', E)) and E :

1.1. Proposition: Every continuous linear functional on E' is of the form

(5) =8
for some {unique) £ in E.

Also we shall need the following:

1.2. Proposition: {a) The iransformations f — {f (), &) of C (S, E') into
C(S) are bounded.
(b) For each & # 0 in E, the transformation [ — {(f {e),£) is onto.

Proof. (a) Indeed, by formulas {(3) and {4) we have:
HFle) e = Sup(f(0),) = PUf), where we use (3) with p(f (1)) =

[(F8), 6.

(b} Since & # 0, there exists a seminorm p on ¥ such that p (¢} # 0 and then by
the Hahn-Banach Theorem there is an o' € B with o (&) = p (). It is clear
that we may assume o (¢) = 1. Now let h € ('(S) and define f: § — F by
[ty = h{t)e/; then f € C (S, E') and we have (f (o) , &) = (h{e)o, &) = h(e). ¥

2. WEAK INTEGRALS AND BOUNDED OPERATORS

In this section we will be concerned with bounded E'—valued operators on
C{S, E") | to seek conditions under which such operators define a weak integral
on C'{5, E'} with respect to a scalar measure p on S, By, As we will see, a simple
condition does exist and is necessary and sufficient for a bounded operator
T: C(S,E") — E" to have a weak integral form. First, let us make precise
some notations and facts.

2.1. Definition. Let T : C(S,E') — E' be a linear operator. We say that T
defines a weak integral on C (S, E') if there exists a bounded signed measure L
on the family Bg of Borel sets of S such that, for every & € E, we have:

(6) VIEC(S,E),  (ThE = / 0,6 du()
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In this case we call the vector Tf the weak integral of f.

For an elaborate construction of the weak integral and its properties, see ref-
erences [1] or {5]. A nice construction is given in [9 p.76].

The preceding definition immediately implies the following:

2.2. Proposition. Let T : C'(5, E') — B’ be a linear bounded operator and
assume that T' defines a weak inlegral then we have: For £, in E and f,q in

C (S, E') we have: {f(8),&) = {g(e},n) = (T}, = (Tg,n).
Proof. Obvious from (6) and scalar integration. g

Although the above condition has a simple appearance, it turns out that it
will be sufficient for a bounded operator 7 : C (S, E") — I to define a weak
integral with respect to a signed measure 2 on S, Bg.

2.3. Definition. Let £ be the vector space of all bounded operators
T:C(S E)— E.We define ihe class Pg as the class of those operators T
in £ which satisfy the following condition:

(F)
if&ne B, fge C(S E) then: (f(e),&) = (g(e),m = (I'[,&) = (Tg,n)

24. Proposition. If the space L is equipped with the simple convergence
topology then the class Pg is a closed subspace of L.

Froof. Immediate. §
We are now in a position to give the main resuit of the paper.

2.5. Theorem. For each operator T in the class Py , there exists a unique
signed bounded measure p on S, Bg such that {f (e),&) is ,u—integmblo for
every fin C (S, E'} and £ in E, itand we have (T'f, &) = T (), & dult).

Proof. We construct an intermediate bounded operator V, with scalar values,
acting on C'(S) such that V (f (e),&) = (Tf,&) for every £ € F. This is
easy by appealing to condition (P) of T Let h € C(S5) and € € F, £ # 0; by
proposition 1-2(b) there exists an f € C(S, F') such that (f (), &) = h(e).
Now let us put Vh = (Tf,£). V is well defined since by condltlon (P) if
(f{®),&) = {g{®),n) = h then we have (Tf,&) = (T'g,n). It is clear that V is
linear and satisfies,

(7) Vee BV {f(e), &) =(T/¢

We must show that V' is bounded. Let (h,) be a sequence in C'(S) such that
[hall, = 0,1 — oo For & # 0, write hy, = (f, (), &) where f, € C(S, E'),then
hnlle = B(fa) — O,where .j is given by {3). Since T is bounded we deduce
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that T'f, — 0 and then |Vh,| = {Tf,,&)] — 0. Consequently V € C(5)*, the
conjugate space of C'(5). By the Riesz representation Theorem, there exists a
signed bounded measure i on S, Bg such that

(8) Yhe C{5);, Vh= /hd,u

By formula (7) we deduce :V (f (),&) = [ (f,&dp = (TFf.&), that is
[ & dp = (T'f,€) for every €. But Lh.zs is formula (6) of definition 2.1,
and shows that T'f is a weak integral as wanted. §

2.6, Example. Let us fix s in S and consider the bounded operator
T:C(S L) — E'givenby Tf = f{s), f € C(S,E"). Then it is easy to check
that 7' is in the class Pr. Now we compute the scalar measure p attached to
T, according to theorem 2.5. We have [ {f.&)dp = (T'f,&) = (f{s),£), by
the nature of T. But {f(s},¢} is the value of the integral of the function
t-s (f(), &), with respect to the Dirac measure §, on the point s; that is
we have [ (f(1).&) p(dt) = [ {f(t),£) & (dt), for all f ¢ C(S, £") and all
§ € E. Now take h € C'(5) and £ # 0 in E; by propositionl.2(b) there exists
[ € C (S8 E) such that (f(),£) =h (i) vt € S and an application of the above
integrals gives [ h(t) u (dt) = [ h{t)d,(dt). Since h is arbitrary in € (S), this
in turn gives p = dg, by the Clab‘.ﬁ(‘(‘ﬁ R1e54 Theorem.

As a second illustration of theorem 2.5, let us consider the space C{[0, 1], §),
where ' is the Schwartz space of rapidly decreasing functions on R and &/
the space of tempered distributions (see [11]). To simplify matters we take
n = 1. Recall that we oquipped 37 with the weak” topology.

First let us define S = 22 as the function ¢ — € where & js the usual

derivative of the distnbutlon Si. Let us observe that ¢ — 2 is a continuous
te d..c ;

function on {0, 1] into %', by the convergence criteria in %', Thus we put § :

t — 22 and we have S’ E C(j0,1],%").
L}kovmse by using a similar device, we define the Fourier transform of § €

N N - N A
C([0,1],9") by S - t — 5, where S; has the meaning of S, {£) = S, (E) , where

ES -

¢ is the Fourier transform of the function £ € &. Since ¢ — S, is continuons
from [0, 1] into &, this defines S as an element of C([0, 1], ). With this data,
we have the fo}lowing:

2.7. Proposition. Suppose that A : C{[0,1],%") — X’ is an operator in the
cluss Py of definition 2.3; then we have:



866 L. Megziant

(10) (AS) = AS'
and
(11) AS = AS

Proof. According to theorem 2.5 we have;

(12) SC(0.1.9), % (35,8 = [ (56) dutt)
[9.1]
for some unique bounded measure 1 on {0, 1}.

To see formula (10}, we perform the following simple computation for £ in
S (AS) (&) = 8 (¢) = — (AS ), where £ = % Then, citing {12}, we
get —(AS. &) = ] (S, &) dutlty = [ (%¢) du {t), which is exactly

[0.1]

AS" (£} since € is arbmrary, this proves (10).
To see formmla (11}, let us compute the Fourier transform of the tempered
distribution AS. We have:

A5 () = <AS,§> I <St, >d,u(f) = < >(i,u(i); but this last

6,11 {0,1]
integral is AS(£) by (12) and the definition of 4. This proves formula (11). &

3. ESTIMATING THE {~NORM OF T.

In the framework of theorem 2.5, let us define the {—norm (£ € E ) of &
hounded operator T : C'{S, E') — E' by:

(12} 7l = Sup {{TF,8!: £ € CUE)[{f (8),8)], <1}

Let us observe that if g € £ and £ € E, then |{g, £}] is the valne of the
seminorm |{,, &) on B at the vector g. With this ingredients we have:

3.1. Proposition. Under the hypothesis of Theorem 2.5 we have:

(13) Tl =vip), £k

where v () is the total variation of the scalar measure p attached to the
bounded operator T.
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Proof. Consider the bounded functional V' given in the proof of theorem 2.5.
Then by the Riesz Theorem we have [|V|| = v (1), and citing (7) gives V (f (o) ,£) =
(Tf,6), for £ € Eand f € C(S, E'). It remains to check that:

4y VI = Sup ({910, f € CIS,E) [ (o), 8]l 1.}

Denoting by « the right hand side of {14} and taking into account the
definition
(VI = Sup {IVh]: h e C(S), |1, < 1.} it is clear that o < ||V]|. On the
other hand, for each € > 0, there is an h € C{S) such that ||Afl_ < 1 and
1Vli—e <|VA|. By proposition].2(b), if ¢ € E, £ # 0, there exists f € C(S, &)
such that (f(e),&) = h and thus [{f (e}, &)l = {jhll < 1. We have also
V (f{e),&)| = VA < by the nature of a. Consequently, by the choice of &,
we get [V — e < [Vh| < o and since ¢ > 0 is arbitrary, we obtain [V < a
which gives the equality V]| = « and then, in view of (12), the validity of
(13). &

4. AN APPLICATION.

4.1. Theorem. Let T, be a sequence of bounded operaiors in the class Pp
and let T2 C(S, E"y — E' be bounded. If T, converges weakly to the operator
T, then T is in the closs Pg. Moreover, assume that p, and p are respectively
the corresponding measures of T, and T according to Theorem 2.5, then we
hawve:

Yhoe C(S), Lim [shdp, = [ hdp.

Thus means that the sequence of bounded measures p,, converges weakly to the
bounded measure p. On the other hand of p, converges weakly to p then T,
converges weakly to T.

Proof. The weak convergence of T, means Lim (T, f, &) = (Tf,£), for all f
in C(S,E") and all € in E, {see Proposition {Li) From this it follows easily
that 7' is in the class Pg. Now by Theorem 2.5, the preceding limit implies
Lim T (8),8) dinn (s} = [ {f (s),€) dp, for all f in C(S, B’y and all ¢ in E.
Ifh e C(S), and £ € E, there exists by propositionl.2(b}, an f in C(8, E) such
that h(s) = (f (s),£&) Vs € S; from this we deduce that ngnjigh ditn = [ohdp

as wanted. The converse is clear. §
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